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AFPLICATION OF LINEAR PROGDAMMING IN THS

PLANNING OF ASSORIMENY
« USSR -

[jancuu i a translation of an article by .lL. Terekbov
in the Rassian~langusge journal Plabiovoys
(Flanned Booromy) ¥o.1ll, Moscow, 1963, pages 73-78

In recent years linear programming, as an effective method
for resviving a wide range of planning-economic prodlems, has ree-
elved mot only rcéognltion in primiplo.- tgnt alec significant prace
tical appliocation., Although in practice only the mosat closely
studied types of problems of linear programming Rave beex coped with
(mostly different wariants of transport pi_robllu). the real economic
effect from their ?ouolution loaves uo doudt about the great
potential poasidilities of this method. Tis ia wticuluﬁy clear
11 4t 3e taker into consideration that the effeot achleved as a
result of linear programming doss pot, as & rule, require any kind
of supplementary expenditures, but is & conicqucmc of the detter
organigation of prodnction, fuller utilisation of labor and materisl
resources, snd the portoguon of methods and avslysis.

L—- The problem of the further slaboration and broad utiunuo; '
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of linsar programming requires no-c only the perfection of that nothoz_}
from the mathematical side, dut aleo significant econcmic work directed |
primarily toward the formulation and analysis of dew puﬁticd prodlems
¢l optimum planning as well as the investigation of several general
Fa4etions of an sconomic charscter such as the classification oi‘ tasks
of linear programmiag, the selectien and butng‘ of oriteria of optise-
ality and athers, -
Ia works on linear programaing, there is frequeatly formulated
the so-called bagzic prodlem of productive planning with respest to
vhloh other prodlems are consicered as particular cases. Such a
formulation of the question is typical, for exsmple, in the known
worke of L.V, Kantorovich /See L.7. Kantotovich, s Ecogomic Gal-
sulation of she Resy Utiligetion of Resources, USSR Acadesy of
Solences FPrens, 198ﬂ' « The basic prodlem of productive planning
anoents te the following: there is a certain quantity of productive
faztors in limited volume; given differenit possible technological
seans of manufacturing products réquirtng unequal nxpondit.uru, the
assortment of production turnsd out and its planding siructure 1s
finally known (the conditions of completenesa). The intenaity of
spplication of differeant technological means is found by walch, from
the calculaticn of the limitadility of factors, the maximus output
of complets production will'de secured. A different formulationm of
the prodlem is possidle when the output of produnction s fixed not l

IS b ; P,



onl; by structure, but miso by absolute value; then the purpose of tf—]
conputnnono is to obtain the givea productics with miniyum expend-
itures. Using a scnevhat broadened interpretation of the consept of
ftechnological means", it is easily pouiﬁh to bring under the stated
geteral formulation such important particular probdlems as the 'oéit ‘
aistridution of components agong machine tools, where every pair of
component~tools is considered as ez iadividual technological means or
transport problem, in walch by technological means ;.horo 1s understood
the transportation of freight from a definite suwplier to a definite
recipient and the quantity of frujht indicates the intensity of the
application of this or that means in the plan,

In the problems referred to, the giver structure of production
4s the cssential condition and the probles consists of such distridution
of the tasks as will secure the best effect. DBut im the compositien
of the plan tke structure of ocutput far from always appears in the
cepacity of an evident or striotly determined charscteristic, On
the contrary, in a majority of cases it ia oucﬂy the strustural coms
position of production which must in the first place be the obj’oct. of
optimization in ordu" that the sssortmeut and volume of ouiput sstiafy
the requirements of the population and of the national econosy tc the
greatest oxtent, and at the same time meet the potentialities of the
given enterprise or production complex in the best way Liotu the
circumstance that the nomenclature of prodnction ia estadlished by _J



'y the enterprise in the guise of directed tasks does dot, of cou“j
eliminate the neceasity for the enterprises themselves as well as
otker planning organs to work at perfecting the planning of assortment
4z the process of drawing up the pIqJ. This leads to anotner import-
adt group of problems of linear progr;:nllng which can be designated as
assortnental in contradistinction t& distriduticnal froblcu.

Different concrete forms cf assorsmental predlems are knowa
and there is a fairly significant experience in their resoclution v
applicadle to the aotivities of foreign firms. Under conditions of
ocapitalisn these problems have a very definite meaning: from a cal-
culation of productive povers and potentialitiss for supplying finishe
od products, it is required to on'znﬁlisb the asscriment and value of
output securing the receipt of maxisum profits. The problems otu
plannipg agricultural production have an analagous character, i.z; whioch
the optimux structurs of areas sowa to difierent crops is soughi;
since preductivity io such problems is ccmidorcd a known quantity,
the determined structure of agriculmul_. production simply correaponds
to a certain strusiuro of sown areas., Frobdlems of forwulating ths
optimum fodder ration, of mixing it and others adjoin this group,
: | Formally, the tasks of plmug sssortment as u;l as dist-
eidtutional tasks come under the general problem of produ;:tin planning. :
Bat with tae presence of a certain community tners exists a principal i

' econonic difference between these two tasks, Ia distridutionsl ’
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problems an alternasive consists in tne possidility of utilising '—‘I
different technoclogiocal means as w;h‘. and 1f this or taat neans ia
sRown to be relatively disadvantageous and does not ges into the op=
timum plan, taen there is no ikiad o:=obptulo to the rejection of
that seans, Iu'nurtnonul prouu‘a alternative decisions do 2ot
have to do with teonnology but with production iteself, and here it
is completely clear tnat it is far from simple to decide the question
of rejecting the production of less advantegeous produats or of the
sharp dncguu {2 1te produotion, If we proceed from the econosio
sontens of the aforesaid taske, then the differense Detween them g
the difference detween the probi.n of "whbat to produce” and the
problam of "hov to produoe,*

I¢ is odvious tbat the planning of toe structure of assoriment
presants itaelf an an independent probia the consideration of whicn,
gerarally speaking, must bs begun with the composition of the opti-
-Qrph.n. Moreover, 10 m sense the formulation and receipt of the
initial figures i2 this problem ie more sisple than in dlgtridutional
prodleas: it requires tne mn&c&o of one technological process for
each type of production (most frequsatly of the acting process),
waereas 4b distridutional prodlems precise figures on Aifferent
possidle techiclogical means are necessary, frequently imcludiag
thoss waich are not used {n the prastice ¢f production,

¥With comparative simplicity,of its initial oonditicns, the ’




!probln of plaoning of asscrtrzent moves into the not so easily _-]
resolved question of tne criteria of optimality. A single and fully
safe oriterion for such prédlemd i¢ not 4iffioult to formulate: the
production of an enterprise mist %o the greatest ertent serve to satise
£y the gensral popular needs., EHovever, in order to give tals criterion
purerical expression, it is mecessary o cc-messure [goigmeryat'/ the
consumption value of different types of productien. The straight co-
nessurenent of consumption values is gexerally impossidle, since such
an adeiract measure of tne usefulness of material wealtn does mot
exist. In some cases products are co-measured according to certain
most important cebsumption coaracteristios (for example, foddsr crops
according to the ccntent of fodder units), dut on the whole such a
.poseibility is the exception ratner tksn tae rule,

On the otner hand, not one of tne critéria having a quanti-
tative definition ocan t:o used without comsiderabdls reservations,
Applications of criteria of saximum profits waica are ngsunl under
conditions of capitalisr are not, of course, excluded in a phnnoé
econoRy, but 1n this tas decisive requirement is tnat the interests
of securing tone greatest profitadility do mot contradict the receipt
of the production necessary to the natiomal economy. IR any case,
it 1s impossidle to speak of the unconditional safety of tais retnod
std the poesidility of itve utilisation must be verified with the

'_n_i-d of Eethods of qualitative analysis,



to 8 marimuz of production in valued éxpression, Witk ite use in

the optimum plan thers enter firss of all those types of prodnciien

. whion require relatively lower expenditures per unis of wvalue. In

the rlan, as & rule, the batter assimilated produstion gaine -an advan.
tage over less assimilated production, that requiriang the expenditure
of more material gains an advantage over that requiring tne expendiiure
"of more lador, ete., It is odvicus tnat such a plan will not alvays de
acceptable for reasens of a qualitative nature,

) The inadequacy of the atated orttorh. vhich are capable of
orienting the cntorpnu to the sduntuooug output of production
‘\hich'u profitadle to it from the point of view of profits or “value*
and to the detriment of assorimeat, has deen long and well known, m‘

[

parl’u_ation of exisiting value indices is necesiary not only for the

sake of droadening ths bases for the utilisation of mathemationl

sethods, but aleo in the interest of resolving sany other predlens

of economic analysiu and planning. Nevertheless, even the most

porfect value L;xdicu cannot, appareatly, serve as the ideal criterion

of optimality iy relationship tc qualisasively h.urcgogoouo pmd&cubn.
411 of this does Dot mean that & mathesmatical apparstus is not .

applicadble 12 the phnnu‘ of the volume and structure of production,

Mathematical methods, and linear programming in pu'ucuin. sharply

Lioadn the poseidilisien of economic analysis and permit especial ._'

The same roughly relates te anotnerimportant valuative orhoi-'ﬁq.

N
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sxperimentation on aconcmo-mathsuntical pedels, €ully sufviciently
rafiecting iie connections and regularities of real asctivity, ¥y
utilizing different metoods of formulating the 4mak, using various
eriteria of optimality, correctisng the initial conditions and limiting
them in conformity with the factore of the previnrus itagas of the
experiment, it i3 possidiie to odtain a whols series of wariants of
the plen By methods of qualitative noalysim to select one of them or
evern soma.isternediate variant whicih illpractically the test not only
according to the relaticnebip to a particular Sritericn of optim-
alisy bt alss from the point of view of the maln griterion, although
this last dnes nﬁt bave a sitrictly quantitative expression.

Bven tke mnat geveral formalating of the predlesm of planning
the pesortment permive various poesinilities of gearches for the
optimun variaat, We assume thatat an industrial enterprise, n diffe

rent producta csa be produced, The extarprius disposas equipmant,
ineluding o different groups, in asch of which entsr unite of zinglew
typa eguiprent of ajproxzimately equal productivity (for exampla,
groups of lathes, milling exd grinding tools, etc.). For each type
of production a definite technological process is known, sharacter-
Azed ty the norms of tine 83 on processing a andt of goode { on
equipment of the J group, Given the dispued fund of time of work
of the equipment of each grow (bj}. Mme unknown guantitias of the

problem (*i) are the levels of produntion of each type of product.

s wmervna s
- —
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i The area of permissibls solution of the prodles is limited by l

tue requirenent that the genernl worklosd of the equipment by group
act excead the givsn fund of time of Lte work, In other words, for

snch of the n group of equipment, there muet De fulfilled tae conditions

[ ]

Yot u=1.23....m.
[ K

In tus most aimpls case of the stated conditions {together with
tas shviouy sondition of the von-negative significence of :i) it 1s
waffiofent tn resolve the predlam at the optimum, or more presisely
at the meximun, elvge in the given formulation the probdlem at the
atndzvm loees ita dmpore. Profits or prodnction in the walued aslé-
Alation may seres as the criteria of maxizigation, s aptimun vare
lants accordingly ehow that limited volume of profis sr produstisn
whick can in general ba achie.veﬁ ander the giver gonditiond. Thevre
{9 no douBt that the presanse of these characteristice has importe
ar,és fer %he further work of composing tha pian: at the vesy .’:.Gait“-»,
e poesidility to Judge how much the wariarnt acesrding to the level
nf profitabllity and volume of producticn definitively seoured in
the pian Alffaeres frox the optines 4ia this relstionship ¢f variasts
is shown,

Howaver, i the moat simple schemn of the vtoblem adduoed,

. thare are lacking whatever limitations may bs lald on the dewmand ‘

e



rf_o_r‘ production; in other words, it is mssumed that for n'ch_ type of . ’
pmduction“. the need significa.nny exceeds the capadbilitieg of the
ontc:rprio-; As a reault, in the optimum variantc there are shown as
rresentad only some of the designations lot products, and s majorisy
of those remaining as "less advintageous” do not get iate the plan,
T™at solution, if it can have a practioal significanse, does sc only
in cuses when the pout‘ouu: 5: supply actually much exceeds the -
productive oapacity of the enterprise and is the basis of speciale »°
ising 1t in the production of a limited assortment of producta.

Usually it is necessary to coasider demand as the means of
introducing supplementary limitatioss into the conaltions of the
probvlem. If the requirement and possibility of supply by $ndivide
ually designated production does not exceed the determined volume,
then for the corresponding variables limitations are imtroduced

from adove; if, in addition, some other types of products must be

turnsd out in quantities, then limitations are applied from Zelow,

4]

not excluding, it would seem, the two-nided limitation of variadles,
Naturally, the introddction of 'mxpplue'nurs limitations reducss
freedon of selection in searcniag for optimum variants, hat only

with very rigid limitations is tne area of permissidle alternatives

8o narrow that it does not require special accounting methods for |
obtaining the bdest plan for satisfying all the imitial somditions.

In any optisum plan reached dy methods of linear programma ]
,L;ng. the nost effective cohlditiongnof utilization of equipment and _J

-10-
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' other preductive rescurces included in the prodlem are always sscured,

Vith such critsria of optimality &s profits cr value of production,

the effectiveness of utilization of rescurces is understaod, aof course,
from the point of view of exactly these oriteria, Kowsver, the index
cf utilisation of the meass of production itself can gerve-as &
oriterion of optimality in the prodliem of productive planning, Thus,
in a coatemplated problem of planning ssscritxaent, a wvarignt of the
program of production can be obiained 1}1 which the genaral fund of
time of work for all equipment 1s utilized to the greatest poasible

extent; in other wards, underloading of equipment is minimul. Thiae

“is achieved on ascount of the determiomtion, by methods of linear

prograsming, of sach a somposition of productiorn surned out ms
gorresponds in the test way to the composition and prcductive caps-
city of tbe equipnent dbeing applied.

Ancther possidle 'fomulati:m of the problem is related in that
in a numder 57 cases there exists not one variant with a maximal
loading of equipment, bui a multiplicity of variants in any of wnich
full utilization of produwotive oapacities is secured., ‘When the
raquirement of full loading of equipment ie introduced ints the
prodlen as a way of correspunding presentation of iaitial limit-
aticns, and for all or some groups of equipment instead of the

inequalitiee

N

2 ax; < by

L* i=l ..._.g

~11-

{
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there are aprlied equations of the type

L

zaux"-b;-

(23]

it signifies that ia the optimum plan equipment of corresponding
rroups must de fully utilized, Coaditions of such a cnaracter are
uasfal to apply, for exsmrle, in regard to the most productive,
expensive or critical equipment,

Sinocs 41 the given case the condition of maximal utiligation
of productive capatility is nmot formally a cri;etibn of optimality,
tat relates to the number of initial limitations, and since alterw
native variants of tne solution exist, there is the possidility of
making a calculatiocn from the point of view of differsnt oriteria
of effeotivensss., Variants with maximum profit and the greatest
level of production according to valus can be obtained; in addition,
with thié new formulation, whon at tne extreme iessure eome of tne
limitations have a sort of equality, the problem can be resclved
not only at the maximum but also at the minimum, for sxample, at
the minimum expenditures of laber, critical materizla, etec, In
essonce, ta some extent two criteria are gimultanacualy sppliad to
the prodlem, of wnich the second serves for the gelaction of cne
aptimm variant among n sfries of variants whickh are optimum from

the point of view of the firet criterioa, which is the full

{iutiligation of productive capadilities.

'
{
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It Lo sasy to wee taat even the most general type of preblea of I
planning production permits such broad and various possibili t'tu of
abalysis with the application of mathemationl methods Shat there are
creatied all the premisesg for forming an actually t'aptinun Plan, optisum
exactly in the sense of the best combination of the genersl popular
interests witn tne interests and capadiiities of the enterprise.
| As an example of the problem of forming an opiimum assort-
ment, there is given below an account composed from figures of one
of the shops of a Moscow factory. The shop produces a lockamith
instrument of the sixth designation which is basically sarmarked for
sale to t.a‘n pobulation, .

In Tuble 1 there are shown tne nomms of time in minutes for |
proceseing uaits of eaca type of article on equipment of five groups
(drilling, lathing, grinding, round milling and flat milling tools);
thers ares also shown the figures on the disposed fund of time in

hours for each growxp of tools. .

TABLE 1. , ‘
Article L Group of Xquipment _
' 1 11 111 Iy v
Aeveeerennerraanieanans 2B 1.8 3.8 L6 10,1
LIQOOG'.V.WO!UCQQ"IOI" 007 0.6 004 bd a.a
Covinnn srsvesatecere e « 16,0 7.3 3.3 8.4 0.6
)+ O N ¢ 0.8 0.9 0.4 -
n..‘.......-.u...-.-.-.-o 4.1 003 200 0.3 1.9,
r..!.'ﬁ‘l. llll .tl..".". O.e 0.2 a.g L.J z.o
Tund of time 1in Hours 40500 162300 30350 8100 162300
& l Tae problem of planning assortment, as is shown adove, permits
. _

~13-
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It reprecents the intsrest not only of tae analysis of possible opt-
inum variante but alao their somparison with variants cbtsined with-
sut the applicabion of linear programaing., In Table 2 there are given
fuur veriants of the program for the prodlem coi.idared. The first
of thess corresponds tu the actual anmual planof the shop for 1963,
Te plan ia zomewbat lowered in comparison with the possibilities
af the aquipmsnt, even if the structure of output envisicned in it
deew ot deviate, Xor this reason ancther wariant of the program ia
thiown 4n the Table, wnich is calcvlated at maximum output with a
redustion An the plsansd shirusture of assortment. Since aliernative
technological meana are abseat inm tue problem, tne calculation of
this variant ie carried out with the ald of elementary examples.

Tae tiird and fourth variants of the program ars odtained
oy the simplex method «f linear programmiog.. Profit is the
eriterion of optimality iv ddth cases, dut in caleulating the
third variant the initial limitations are given in the form of
iraqualities, and the fourth, in the fors of equalities; toat iam,
it the latter case there was posited tne condition of full utile
fzasion of ejuipment ¢f each of tone five groups. Thus, mathemat-

ieally, the conditions of tne problem have the following aspect:

(and for the latter nru&

Lajpr, < b

Laga =b)). %0 O ' f

f
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r;octal function Ipsr; -+ max

i
i

(py = profit per unit of articles 1),

For each of tae programs 4o Table 3 along with the quantity
of articles‘accordingio typs thers is given s munmary index of;
level of production in distributicn prices of the enterpriss, planned
profit and utilization of ejuipment in percents of the general pianned
fund of time of its work,

It is easgy to ses tnat‘tne plennsd structure of produstion
allows d;ly about » two~-thirds loading of equipment, since with this
structare one of the groups of equipment (in the givea instanse tne
third) io in & *rarrow! place, and tae possibilities of the remaining
groups are %o this or that extent underutilised, Linear programming
gives that composition of production which to the greatest extent

gorreaponds to the quantity snd composition of tne available equip-

. ment., A snarp (by 2.5 to 3 tikes) increase iz tae indices of pro-

dustion and profit im the two latter varisnts of the progrsm in oom-
parison with tze two first ie clarified not simply bty the selection
of the most profitable article, dut by thut selactlion of the structure
of output waich permits the full utiliszation of equipment and ox
account of thie yielde supplementary production. This is especially
noticeable in the fourth variant, vaich contalns almost all of the

initial types cf articles dbut ox account of ohanges of structure in

. comparison with the plan eansures a significaat improvement of all

. @15=
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TARLE &.
YARLARTS OF THR ANNUAL PROGRAM CF PRODUCTION
By plan [Maximum Progran | Progranm
Indices ef enter= joutput in for with full
prise Lanned meximun | use of
struoture profit | equipment -
Quant:\.ty of articles
* (in thousand vieces) .
ADOC'...'Q.‘QOOO\'.O&.. ‘4)8 |1'3 “02 48!7
Bb.oau&o.ran.-ot.ocona' "aha '593’ - r-«J‘thn_
cl...!!....bl!atttl.lﬁ lzy‘ i‘os -— 9.0
Doootetoucco.oo.tnnoalc %7.0 &7;9 85‘;1 888_06
EQ!Q"I"C.OQ!.'I!II.‘- 22'0 %'3 ke -
Fuooonsu-.-.ovano--l-n 2‘]15 2‘9;0 hamnd 4.5.1"
Product in t 2073.4 33,6 5768 .1 5739.‘2_
Protf ?m the 41,1 M4 | 16 | 18,0
Uti_lization of 8.4 68,7 96,8 100,0
equipment (in ';'é) ‘

Analysin of the program with fall utilisation of equipment

1

cer unconditioaally facilitate the dlacovery of latent reserves of
inorencing production, since frequently the irrationel structure of
preducte hoing produced causes a significant underloading of the
eapstilitiay of the enterprise, Zven if in conditions of demsnd it
is fully permissidble tc change assorivent for irproving the util-

, ization of dasio means and inareasing the sutput of prodwstion,

-16‘
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r:;o elenentary methods of calculating 4o no% permit this to ba done,
eapeciaily when the prodles relates to the enterprise with 4iffe rent
squipment and a large nomsnclature of goods Leding prodused., JYor thig
reason toe oateing of assortzent and struoture of produstion in ¢one
formity vita the compeeition of equipment is one of the most wvaluadle
Foasidilivies presented by linear programming.

%t is not exoluded, of course, that the cptizum variants odtained
in the example under considersticn can be snown to be unacceptuble,
sinse the éritorioa'ot profit s not declisive in plapning assortment,
Practically, this is expressed in that some articles must de produced
in greater or lesser quantity than is envisioned in the optimum
wariants obtained at the outset, In this case, au will be remiﬁbore&.
limitations oan be 1aid on t6 the corresponding changes, and tie
optimum varisnte reconsidersi with ascount of suwh linitations. Men
thc.mnshonattoal zodel ia supplemented (%0 a severs degres for some
‘;oodu) by limitations whioch may have the following type:

5 <h
& é‘-'?é‘h

It is also useful to consider and adalyze programs which are
optimum in relation to other oriteria, ia partioular the criteria of
maximum goods preduction, Qualitative an@lvstc of differeat var.
iants in the finalaccount permits selection of the dasic and accepte

adle resolution, A

i | —
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In ostimating this or that variant 4f assortment tasks from the '
point of view of their corresponding demand and nesd in Aifferens types
of production, it is necessary to a l¢sser degres to connidor two
odatacles, Tirst, one and the same article may de produced, and as a
rale, s factually producdd mot oaly in the given dut im other enter-
prises. The relative "disadvantage® of some grticles at a given def-
inite enterprise does rot at all signify that the same thing will take
place in other production, It 1is nuﬁt‘chnt t0 have another composition
af equiprent ead another value by type of article -- and the optimum
assortment is sharply altcnd.' This gives the poaeibility by way of
retional planning of sssortment at a series of enterprises of one
profile to obnig the improvemeat of productive indices without
lowering the cutput of some articles, that is, one the vhole to ine
crease the production of all types of producte taken into aacount,

Second, demand 1ftnlt is not unchangeabdls, and its sine does
20t, {n the final analyeia, depend cn the level of pruQ.l. Optin-
ization of mssortment, as is seea from the given exsmple, in angd
of 1tself leads %0 & doﬂn;to inoresse in the profitabdility of
production., Io addition, yremises are created for a defirite lover-
ing of the cost of production -« firet of all oa account of the
better utilization of equipment. This causes the possibility for a
lovering of prices especially of tnose goods the output of which i

forced into conformity with the optimur plan. It 4s natural that
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_L_i_n conditions of reducel prices tne discover of supplementary needs
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r:ad an inorease in dsmand casn b8 expected, Influence iz thia or that
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direction on the structure of demand as & way of revising prices must

of course be dased in qualitative relationships.
. The volume and assortment of produwots deing preduced relates

| to & nuxbder of the most izportant and defintte indices in the plan of
any enterprise. The defimite interchangeabdility of imdividual pro-
aw:'uwi‘or their consumers, the pressnce of unnktintaotory dexand on
some means of production and articles of consurption aud the poseidil
of the production of the save produsts DBy difforoz;t enterprises csuse
a msultiplicity of schievable urﬂ.antn. in tho. deterzinktion of tasks

of assortment. Investigation of these vari{ants by methods of linear

programming can reiider considerable help in the resolution of the

ity

following questions: specialization of entarprises in the production

of products mcre clossly correspending to their resources; increasss

of profitability of production by way of determined changes of assort-

ment (particularly applicabdle to plsaned-unprofitable onfarprhea')‘;

Ampvorement of the utilisation of dasic means right vp to the recaipt

of a program of productios ensuring fall loading of all equipment on ‘

hand.
Cn the whole the essablishment of ratisnal structures of

production with the aid of mathematical methods will facilitate tne
. improvement of the besic work indices _ot entarprises, including
1indices of cost and productivity of labdor and m zore complete
_Lu;ufution of demend in conformity with produstion,
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